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A method has been developed for the calculation of the viscosity of nonpolar gas mixtures 
a t  moderate and elevated pressures from the molecular weights and critical constants of the 
components. By the use of available experimental data and appropriate pseudocritical constant 
rules, results obtained previously for the viscosity of pure gases have been extended to mixtures. 
Viscosity values calculated by the method developed in this study for a number of nonpolar 
gas mixtures were found to reproduce reported values with a high degree of accuracy. 

Reliable methods have recently been developed for the 
prediction of the viscosity of pure substances in the dilute 
and dense gaseous regions. Similar generalized relation- 
ships are not available at present for the calculation of the 
viscosity of gas mixtures at elevated pressures. Accurate 
values of this property for gaseous mixtures are required 
in many important applications. I t  is apparent that reli- 
ance on experimental data for the viscosity values of gase- 
ous mixtures is hopelessly inadequate, because of the 
wide ranges of composition, temperature, and pressure 
encountered. 

Rigorous theoretical expressions are available only for 
the transport properties of gaseous mixtures at approxi- 
mately atmospheric pressure. Lee, Starling, Dolan, and 
Ellington (51 ) have recently presented a semiempirical 
relationship for the calculation of the viscosity of binary 
mixtures of methane, ethane, propane, and n-butane. The 
only generalized methods that have been suggested for 
the calculation of the viscosity of dense gaseous mixtures 
are modifications of correlations for pure components in 
which the group p/p* (or p / p , - )  is empirically related to 
TR and P, through ,the available experimental data (18,  
8 7 ) .  The critical temperatures and pressures of the mix- 
tures are calculated from the critical constants of the pure 
components by the use of the linear combination rules 
proposed by Kay (43). However, it is well established 
that reduced state correlations of this type are specific 
only to individual substances or substances having a simi- 
lar nature, and that a generalized correlation must con- 
tain an additional parameter (such as the critical compres- 
sibility factor of the substance) to account for the size 
and shape of the molecules ( 7 ) .  

For pure substances, Jossi, Stiel, and Thodos ( 4 2 )  have 
developed analytical relationships between the residual 
viscosity group, ( p  - p*)(, and the reduced density of 
the substance from experimental data for twelve sub- 
stances (including monatomic and diatomic gases, hydro- 
carbons, and carbon dioxide). This method for the pre- 
diction of the viscosity of pure substances does not possess 
the limitations of the previous correlations for the re- 
duced viscosity which contain an insufficient number of 
parameters to be applicable to a wide range of substances. 
In addition, analytical expressions are much more suitable 
for computer calculations than graphical correlations. 
which require the storage of a large number of values and 
tedious interpolation calculations. Therefore, in the pres- 
ent study an approach similar to that employed by Jossi, 
Stiel, and Thodos ( 4 2 )  has been used to develop relation- 
ships for the calculation of viscosity values of gaseous 
mixtures over wide ranges of temperatures and pressures 
from the appropriate critical constants of the mixtures. 

THE VISCOSITY OF GASEOUS MIXTURES AT 
MODERATE PRESSURES 

The rigorous kinetic theory expression for the viscosity 
of an n component mixture at atmospheric pressure and 
temperatures below approximately 1,000"K. ( 3 4 )  can be 
expressed as follows by the elimination of second-order 
effects (13): 

* 

ratio of the reduced collision integrals for viscosity and 
diffusivity. Through semitheoretical considerations based 
on the rigid sphere model proposed by Sutherland (741, 
Wilke (15, 9 1 )  has developed the following relationship 
for the I+', values in Equation (1): 

[ 1 $- (&*/pk*)  "( Mk/M&)1'4]1? 
J l , k  = (2 )  

(4d3 [l + (Mt/M&.)llp' 

Equation (2) can be derived from Equation (1) with the 
approximations that A*,, = A", and [ i k ~ k ( l " ) ~ / ~ ~ ' l ~ l ) Q ~ l ' a  
= 1.0 (19). Since the reduced collision integrals a"t"* 
and i k s L " z 2 "  are both slowly varying functions of tempera- 
ture for a realistic intermolecular model, such as the Len- 
nard- Jones potential, these approximations are excellent 
and the Wilke equation is therefore essentially equivalent 
to the rigorous kinetic theory expression. Brokaw ( 1 4 )  
has presented alignment charts that simplify the calcula- 
tion of viscosities from Equations (1) and ( 2 ) .  

Several investigators (1 7 ,  32) have recommended the 
use of the following equation for the calculation of vis- 
cosity values for multicomponent hydrocarbon mixtures 
at  moderate pressures: 

s pix2 V Z L  

I: X t  d7K = ( : 3 )  

For binary mixtures, Equation (3 )  can be written as 

Pi P-2 
= - +  __ (4) 
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A comparison between Equations (1) and (4) indicates 
that Equation (4) should be more accurate for mixtures 
whose components have molecular weights and force con- 
stants that are nearly equal (19). Equation (4) also im- 
plies that = dG2/d% and = q%fl/V%. Wright 
and Gray (93) have shown that for binary mixtures there 
is a considerable range of pairs of qU and values with 
which viscosities can be calculated with good accuracy. 
The use of Equation (4) is restricted to binary systems 
that do not exhibit a maximum with respect to variations 
in their composition. However, this limitation is not seri- 
ous, since only certain binary mixtures that contain either 
hydrogen, helium, or one polar constituent can exhibit 
such a maximum (35). 

Although viscosity values for nonpolar gas mixtures at  
moderate pressures can be calculated to within the experi- 
mental accuracy from Equations ( 1 ) and (2) or Equation 
(3) ,  these relationships have the disadvantage that vis- 
cosities must be initially computed for each of the pure 
components. Therefore, in the present study, relationships 
between p"f and reduced temperature similar to those 
presented b Stiel and Thodos ( 7 1 )  for pure nonpolar 
substances lave  been developed for gaseous mixtures, 
which permit the direct calculation of viscosity values 
from appropriate critical constants for the mixture. Equa- 
tions of this type are also more convenient for use in con- 
junction with a relationship between ( p  - p " ) [  and pR 
for the calculation of viscosities of mixtures at elevated 
pressures. And since reliable viscosity data are available 
for binaiy and multicomponent mixtures at atmospheric 
pressure, the establishment of a unique relationship be- 
tween PO.$ and T, for gaseous mixtures provides a con- 
venient and accurate test of the various methods available 
for the calculation of the pseudocritical constants of mix- 
tures. 

PSEUDOCRITICAL CONSTANTS OF GASEOUS MIXTURES 

For gaseous mixtures, the use of experimental values of 
critical constants for the calculation of volumetric proper- 
ties from correlations based on the principle of corre- 
sponding states has been found to lead to large errors 
(43). A hypothetical pure substance has to be defined 

System 

N2-Oa 
02-CO 
N2-CO 
NrNO 
Xe-Kr 
Xe-A 
&-A 
Kr-Ne 
A-Ne 
Nz-COz 
CsHc-CHs 
CK-GHo 
CzHr CaHc 
CSHr GHe 
C,HvCaHs 
CHcCHs 
CaHs-CO? 
CzR-0, 
CsR-N, 
CzH,-CO 
CH,-COz 
CH4-Nz 

whose isochors are identical to the isochors of the mixture. 
The critical constants of the hypothetical substance are 
then the pseudocritical constants of the mixture. Since 
these pseudocritical constants cannot be established ex- 
perimentally, several methods have been proposed for 
their estimation from the critical constants of the pure 
components (40, 43, 52, 59). The most widely used re- 
lationships for the calculation of pseudocritical constants 
are the linear rules proposed by Kay (43) 

(5) 

(6) 

Tom == 8 xc Tci 

P , ,  = 8 xc P C i  

Joffee (40)  has developed the following relationships by 
applying the van der Wads equation of state to binary 
mixtures 

4 

$ 

( 7 )  

and T , ,  = A'/B, P,,a = T, , /B .  Equations (8) and (9) 
have been found to be slightly more accurate for use in 
PVT correlations than Equations (6) and (7) .  In a very 
complete study of the volumetric behavior of binary gas 
mixtures, Prausnitz and Gunn (59) found that Equation 
(5) is approximately correct for critical temperatures, but 
that the use of the linear rule for critical pressures ex- 
pressed in Equation (6) could lead to large errors in 
many cases. However, for a ratio of the critical volumes of 
the pure components of less than 3.0, Prausnitz and Gunn 
found the following equations to be satisfactory for the 
calculation of the pseudocritical volume and pseudocriti- 
cal compressibility factor of an n component mixture: 

TABLE 1. AVERAGE DEVIATIONS BETWEEN CALCULATED AND 

EXPERIMENTAL VISCOSITIES FOR GASEOUS MIXTURES AT MODERATE PRESSURES 

Reference 

49,84 
84 
84 
84 
75 
75 
76 
76 
77,81 
29,47 
56 
85 
56 
85 
85 
56,85 
82 
84 
84 
84 
39 
29 

Number 
of points 

28 
18 
24 
6 
9 
9 
8 
9 

30 
13 
12 
20 
9 

12 
12 
26 
16 
15 
24 
24 
12 
3 

Pseudocritical methods 
Prausnitz 
and Gunn Kay 

0.96% 1.05% 
1.30 0.70 
0.77 0.75 
2.00 4.74 
0.61 0.53 
1.84 0.56 
0.54 0.54 
2.21 4.77 
0.73 4.32 
2.31 3.28 
1.25 1.29 
1.01 0.90 
0.32 0.29 
0.69 0.72 
1.71 2.05 
2.77 3.13 
3.53 1.84 
4.24 4.75 
1.27 3.44 
2.42 4.76 
3.42 3.68 
2.61 2.08 

Joffe 

0.87% 
1.04 
0.70 
2.88 
0.46 
1.80 
0.56 
5.00 
1.23 
1.32 
1.34 
0.99 
0.38 
0.69 
1.63 
2.71 
2.50 
4.50 
1.57 
2.88 
3.23 
2.77 

Other methods 
Equation 

Wilke ( 4 )  
0.94% 0.81% 
0.35 0.43 
0.62 0.62 
1.89 1.76 
0.71 0.84 
1.22 1.36 
0.64 0.80 
6.67 5.21 
0.92 0.97 
1.51 1.81 
0.24 0.30 
0.30 0.70 
0.20 0.23 
1.43 1.64 
0.46 2.50 
0.44 0.57 
1.80 2.50 
0.66 4.21 
0.85 2.82 
0.75 1.84 
0.71 2.00 
6.36 7.45 
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TABLE 2. COMPARISON BETWEEN CALCULATED AND 
EXPERIMENTAL VISCOSITIES FOR MULTICOMPONENT 

MIXTURES AT MODERATE PRESSURES 

System 
Industrial gases 
( COz, Oe, CO, Hz, N,) 
COe-0,-Nz 
Natural gases 

Industrial gases 
( CH,, C&, Nz, COz, 0 2  ) 

( COz, a, CO, Hz, CH,, N2 
Nz-COr CX-CO-A 
Natural gas 
(C&, CdL, C&, Ns) 
Natural gas 
( C R ,  CPHO, C&, Nz) 
Air 

Reference 

67 
46 

4 

32 
90 

56 

17 
0 

Number 
of points 

24 
20 

25 

7 
65 

6 

9 
489 

Average 
deviation 

for method 
of the study 

2.66% 
1.51 

4.16 

2.22 
1.69 

2.87 

0.96 
1.00 

* Sources of air data: 2, 3, 8, 9, 10, 11, 12, 23, 25, 27, 28, 30, 31, 36 
37. 38, 41, 44, 46, 47, 48, 53, 54, 61, 62, 64, 68, 69, 73, 78, 79, 80: 
83, 86, 88, 92, 95. 

The pseudocritical pressure of the mixture is then calcu- 
lated from Equations (5), (9), and ( l o ) ,  with Pa,, = 

-. From a theoretical standpoint, Leland and 

Mueller (52) have shown that no one set of relationships 
is rigorously applicable for the estimation of pseudocriti- 
cal constants over a wide range of temperatures and pres- 
sures. 

In the present study, very similar conclusions have been 
reached concerning the pseudocritical constants necessary 
for the calculation of viscosity values for nonpolar gas 
mixtures at moderate pressures. In order to establish the 
appropriate method for the determination of pseudocriti- 
cal constants, the following relationships were utilized: 

p"( = 34.0 X lo6 TB8l3, T, < 1.5 

z c n R T c m  
V,, 

(11) 

(12) 
p*.$ = 166.8 x 10" 10.1338 T ,  - 0.0932]"/", for T, 1.5 

m 4," 
1 cw-'- 

where [ for mixtures = 
(I: x6 Mc)1taPcm218 

4 

Equations (11) and (12) ,  which are based on very ac- 
curate data for argon, were found to represent the viscos- 
ity behavior of most nonpolar substances slightly more 
accurately than the similar equations presented by Stiel 
and Thodos (71) .  

TREATMENT OF EXPERIMENTAL DATA 

A comprehensive literature survey was conducted to 
obtain the available experimental viscosity data for non- 
polar binary gas mixtures at moderate pressures. The com- 
ponents included monatomic and diatomic gases, hydro- 
carbons, and carbon dioxide. Mixtures containing hydro- 
gen and helium was not included, since these substances 
possess sizable quantum effects and, therefore, their vis- 
cosity behavior cannot be determined from Equations 
(11) and (12).  The mixtures considered are listed in 
Table 1 along with the sources of the experimental data. 

For each experimental composition, sets of ( and T,, 
values were calculated by Kay's method, Joffee's method, 
and the method of Prausnitz and Gunn. Each set of 8 and 
To,  values was then used to calculate viscosities from 
Equations (11) and (12) .  The average deviations be- 
tween the calculated viscosities and the corresponding ex- 
perimental values for each pseudocritical method are pre- 
sented in Table 1. For the 339 experimental points in- 

cluded in the comparisons, the overall average was 2.40% 
with pseudocritical constants calculated by Kay's method, 
1.77% by Joffee's method, and 1.70% by the method of 
Prausnitz and Gunn. Since the method of Prausnitz and 
Gunn is more accurate for the calculation of viscosities 
than Kay's equations and much simpler in application 
than Joffee's method, this procedure was adopted for use 
in the later phases of this investigation. Because this 
method for the establishment of pseudocritical constants 
enables the calculation of viscosity values to within the 
average experimental error, it appears that a more elabor- 
ate procedure, such as that proposed by Leland and 
Mueller (52) ,  is not required for most nonpolar mixtures. 

In Figure 1, a composite curve relating p*.$ to T ,  is 
presented for all the mixtures considered in this study, 
with and T, ,  values calculated by the method of Praus- 
nitz and Gunn. The curve of Figure 1 is essentially iden- 
tical to the relationships presented in Equations ( 11) and 
(12) and indicates that for nonpolar gas mixtures (as for 
pure nonpolar gases) pOf is dependent only on the re- 
duced temperature, independent of the critical compres- 
sibility factors of the components. When plotted in this 
manner the data of Rietveld and Van Itterbeek (65) for 
argon-neon mixtures, of Thornton (75) for xenon-neon 
mixtures, of Adzumi ( 1 )  for mixtures of acetylene with 
propane and methane, and of Jackson (39) for argon- 
ethylene mixtures showed significant composition effects 
that were not present with the other mixtures for which 
the pseudocritical constants effectively corrected for 
changes in composition. Since in every case data for the 
same or a similar mixture were available which followed 
the consistent behavior illustrated in Figure 1, these de- 
viations could not be attributed to the pseudocritical 
method employed. Therefore, the data that exhibited this 
abnormal behavior were eliminated from this study. The 
relationship of Figure 1 in the high temperature region is 
based on the data of Bonilla, Brooks, and Walker (9) for 
air at temperatures to 2,500"K. Equations (11) and (12) 
are applicable for temperatures up to approximately 
3,00OoK., at which point dissociation effects become sig- 
nificant. 

For each experimental point, viscosity values were also 
calculated by Wilke's method and by Equation ( 4 ) .  The 
average deviations between the calculated and experi- 
mental values for each method are included in Table 1. 
It can be seen from Table 1 that both methods are capable 
of reproducing viscosity values with a high degree of ac- 
curacy. For 339 experimental points, the overall average 
deviation was 1.00% for Equations (1)  and (2)  and 
1.56% for Equation (4).  The agreement that resulted for 
Wilke's method is particularly striking; evidently it is pos- 
sible to calculate viscosity values from Equations ( 1 )  and 

4 0  60 80 10 02 0 4  06 0 8  I 0  20 
TR 

Fig. 1. Relationship between ,u*E and TR for nonpolar gas mixtures 
a t  moderate pressures. 
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Fig. 2. Relationship between (p-fi*)E and PR for pure substances. 

(2) with better accuracy than can be obtained for the 
pure component viscosities required by the equations. For 
several mixtures the graphical analysis of the data re- 
vealed that the average deviations resulting from Equa- 
tions (1) and (2) were less than the experimental error 
of the data. 

For the eight multicomponent mixtures listed in Table 
2, including several natural gases, industrial gases, and 
air treated as a four-component mixture, viscosity values 
were calculated from Equations (11) and (12) with 
pseudocritical constants obtained from Equations ( 5 ) ,  
(9), and (10). Mixtures containing greater than 5% 
hydrogen could not be included. For multicomponent 
mixtures this approach is much simpler for the calculation 
of viscosities than either Wilke's method or Equation (4). 
The average deviation resulting for each multicomponent 
mixture is listed in Table 2. For both binary and multi- 
component mixtures, the overall average deviation for the 
method developed in this study is 1.44% for 984 experi- 
m t a l  points. 

THE VISCOSITY OF GASEOUS MIXTURES AT 
HIGH PRESSURES 

Through semitheoretical considerations, Predvoditelev 
(60) has shown that the residual viscosity, p - pf,  of a 
dense gas should be a function of the density. Thodos and 
co-workers (72)  have used the residual viscosity concept 
to develop correlations between pR, T R ,  and Pa for a num- 
ber of individual substances. By the use of dimensional 
analysis and available experimental data, Jossi, Stiel, and 
Thodos (42)  have developed generalized relationships be- 
tween the group ( p  - p " ) [  and p R  for pure nonpolar 
substances. Since in a number of recent experimental in- 
vestigations the residual viscosity concept has also been 
found to be applicable for gaseous mixtures, an approach 
similar to that followed by Jossi, Stiel, and Thodos has 
been employed in the present study. 

loooxlo 

100 

ll'.P*)C 

10 

10 

02 0 4  06 00 10 12 14 18 10 20 
REDUCED DENSITY, pR-,,pE 

Fig. 3. Relationship between (p-p*)E and p~ for nonpolar mixtures. 

Very accurate viscosity data have recently appeared in 
the literature for argon, nitrogen, and neon (24 ) ,  and for 
the light hydrocarbons ethane ( 2 2 ) ,  propane (70 ) ,  and 
n-butane ( 2 0 ) ,  which were not available at the time the 
study of Jossi et al. was conducted. Since an accurate 
relationship between ( p  - pu)[ and p R  must be available 
to permit the calculation of the viscosity of dense gaseous 
mixtures with the pseudocritical constants of the mixture, 
the results of the previous study were tested with the new 
data. Values of (p - p*)[ obtained from these data were 
plotted against pR, as shown in Figure 2. A smooth curve 
resulted, which is essentially identical to the relationship 
presented by Jossi, Stiel, and Thodos. The relationship of 
Figure 2 was expressed in the following manner, in a 
modification of a form originally suggested by Eakin (21)  

) (13) 
The data of Flynn, Hanks, and Ross (24)  for argon, neon, 
and nitrogen, which are claimed to be accurate to within 
0.1 %, confirm the general validity of the residual viscosity 
concept. For the eighty experimental points presented by 
these investigators, Equation (13) reproduced the data 
with an average deviation of 1.05%. In addition, viscosi- 
ties calculated with Equation (13) showed an average 
deviation of 1.59% for the 47 experimental values of 
ethane (22)  and of 3.30% for fifty-eight experimental 
propane (70)  and n-butane (20)  viscosities in the dense 
gaseous region. Therefore, Equation (13) was chosen to 
form the basis of the method developed in this study for 
the calculation of viscosity values for gaseous mixtures. 

Viscosity data available in the literature for nine binary 
and multicomponent mixtures, including air, natural gases, 
hydrocarbon mixtures, and mixtures of nitrogen with 
methane and carbon dioxide, were used in conjunction 
with pseudocritical constants obtained from Equations 
( 5 ) ,  (9),  and (10) and calculated values of pu to obtain 
( p  - pa),$ values for each experimental point. The mix- 

( p  - po)f = 10.8 X 10" (e"aaPR - e-l-llpR1.BM 

TABLE 3. SOURCES OF VISCOSITY AND DENSITY DATA AND AVERAGE DEVIATIONS FOR DENSE GASEOUS MIXTURES 

Number Temperature Pressure Average Source of 
System Reference of points range, "K. range, atm. deviation PVT 'data 

C*He-CH, 
CH,-Na 
COS-NS 
Natural Gas 
Natural Gas 
CHd-CsHs 
CHcCsHa 
C&s-CaHe 
CR-TI C,Hm 
Air 

56 
29 
29 
56 
17 
5 

26 
56 
20 
6, 28, 38, 45, 
47, 48, 54, 57 

144 
15 
30 
98 

110 
169 
314 
126 
104 
286 

323-473 
293-373 
287-374 
273-523 
295-398 
298-498 
311-413 
373-473 
273-478 
273-543 

20-600 

20-240 
20-450 
5-682 

27-341 
8-548 

20-600 
10-550 
5-775 

20-300 
4.51% 
2.20 
1.21 
3.44 
5.90 
6.20 
2.52 
5.87 
4.14 
1.71 

58 
58 
50,58 
58 
17 
5, 63 
66 
55 
19 
6,16,33, 47 
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tures are listed in Table 3 along with the sources of the 
viscosity data and the range of temperatures and pres- 
sures involved. A tabulation of the data utilized is avail- 
able on request from the Department of Chemical Engi- 
neering and Metallurgy, Syracuse University. In Figure 3 
a composite curve between (p - p')f and reduced den- 
sity is presented for each mixture. The sources of the 
density values, which were obtained from experimental 
data or from the accurate correlation presented by Pitzer 
et al. ( 5 8 )  with the use of the pseudocritical constants of 
the mixture (59), are also included in Table 3. The 
pseudocritical density of the mixture is obtained from 

f xc Mc 
Equation (9)  as p , ,  = - . The curve of Figure 3 

f x, VE, 
1 

for mixtures is essentially identical to that of Figure 2 for 
pure components and is therefore represented by Equa- 
tion (13). 

For the nine mixtures included in Figure 2, viscosity 
values were calculated from Equation (13) with p' values 
obtained from Equations (11) or (12) and pseudocritical 
constants resulting from Equations (5),  (9), and (10).  
In order to simplify these calculations, Equation (13) 
was programmed on an IBM 7070 computer and the re- 
sults tabulated for even intervals of p,. Copies of the tabu- 
lated values are available on request from the Department 
of Chemical Engineering and Metallurgy, Syracuse Uni- 
versity. For 1,396 points, the overall average deviation 
was found to be 3.73%. In view of the wide range of 
temperature and pressure involved, the experimental er- 
rors inherent in the determination of viscosity values for 
mixtures at  high pressures, the fact that the density values 
were found to be reproducible only to within 2%, and the 
empirical nature of the pseudocritical rules utilized, this 
agreement is considered to be very reasonable. The aver- 
age deviation for each mixture is also included in Table 3. 
For several mixtures the experimental viscosity data for 
certain ranges of temperature or density did not follow 
the consistent behavior exhibited in Figure 3. These 
anomalous data are listed as follows: 

Mixture Range 

CH,--CJ% ( 5 )  p ,  1.2 
CxHe-GHe (56) px 6 1.0 
CJL-CzH, ( 5 6 )  T = 323°K. 
Natural gas (56) T = 273'K. 

Air (54) p R  1.25, T = 423"K., 473°K. 
Natural gas (17) P R  1 1.6 

If these data are removed from consideration, the overall 
average deviation for the remaining 1,188 points is only 
2.63%. Lee, Starling, Dolan, and Ellin ton (51) also ob- 
tained significant deviations for the met 1 ane-propane data 
( 5 )  at high pressures. 

Prausnitz and Gunn (59) suggest that their pseudo- 
critical rules are best for mixtures of substances whose 
critical volumes and critical temperatures are similar, and 
for reduced temperatures greater than 1.3. In the present 
study, for no mixture did the critical properties of the 
components vary enough so that the errors encountered 
were considered to be due to the pseudocritical method 
utilized. However, Equations (11),  (12), and (13) are 
independent of the method used to calculate the pseudo- 
critical constants of the mixture, and, therefore, if a more 
accurate method is develoDed or if mixtures are treated 

the methane-propane system by the use of the pseudo- 
critical method presented by Leland and Mueller (52). 
However, for these data the use of pseudocritical constants 
calculated from Equations (5) ,  (9), and (10) was found 
to lead to less errors in the calculation of viscosities from 
Equation (13). 

For several of the mixtures considered in this study, in- 
cluding the methane-n-butane and methane-propane sys- 
tems, the temperature and pressure range included the 
liquid region. However, the relationship of Equation (13) 
is not really applicable to liquids for p R  greater than 2.0, 
since it has been established experimentally (94) that the 
viscosity of a liquid at  higher reduced densities depends 
on both density and temperature. In addition, the pseudo- 
critical rules employed have not been tested for the liquid 
region. Therefore, the accuracy of Equation (13) is not 
considered to be as good for the liquid region as for the 
dense gaseous region. For pure substances, errors greater 
than 10% were encountered for propane (70 )  and n- 
butane (20)  at high densities with the use of Equation 

For mixtures for which experimental data are not avail- 
able, accurate density values can usually be obtained from 
the tables of Pitzer et al. ( 5 8 )  by the use of pseudocritical 
constants obtained from Equations ( 5 ) ,  (9), and (10). 
The acentric factor of the mixture is estimated as a linear 
combination of the acentric factors of the pure compo- 
nents (59). 
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NOTATION 
A, B = functions in Equations (9) and (10) 
A' 

D,, 
M = molecular weight 
P = pressure, atm. 
Po = critical pressure, atm. 
P, = reduced pressure, P/P, 
R 
T = temperature, OK. 
T,  = critical temperature, OK. 
T ,  = reduced temperature, T / T ,  
V = volume, cc./g.-mole 
V, = critical volume, cc./g.-mole 
x = mole fraction 
z = compressibility factor 

Greek Letters 
p = viscosity, centipoises 
pQ 

centipoises 
pC 
8 = viscosity parameter, TdJ0/W1ZP:J3 
w = constant, 3.1416 
p = density, g./cc. 
p c  = critical density, g./cc. 
p R  = reduced density, p / p c  
JI 
w = acentric factor 
n'"." ' = reduced collision integral for viscosity 
n"*'" = reduced collision integral for diffusivity 

(13) - 

= ratio of the reduced collision integrals for viscos- 

= binary diffusion coefficient, sq. cm./sec. 
ity and diffusivity at atmospheric pressure 

= gas constant, 82.05 atm. cc./g.-mole OK. 

= viscosity at  moderate pressures (0.2 to 5 atm.), 

= viscosity at the critical point, centipoises 

= parameter in Equation (1) 

for which the Prausnitz-Ginn rules do not hold, the pro- 
cedure recommended in this study can be easily modified. = components i and k of a mixture 
Ciddings (26) utilized an approach similar to that ad- = property characteristic of interactions between 
vanced in this study to correlate his experimental data for molecules of species i and molecules of species k 
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Subscripts 
i, k 
ik 



1,2  = components 1 and 2 of a binary mixture 
m = pseudocritical property of a mixture 
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An Analytical Solution for the Nonlinear 

Frequency Response of Radiant 

Heat Transfer 
EDWARD H. BLUM 

Princeton University, Princeton, N e w  Jersey 

An analytical solution is  presented for the nonlinear frequency response of a system in 
which radiant heat transfer is coupled with conduction. The model is  that of an object inside 
an evacuated enclosure whose wall temperature oscillates about a mean. A perturbation an- 
alysis solves the describing equations for oscillatory amplitudes less than one-tenth the mean 
wall temperature. An exact solution to a Ricatti differential equation verifies the perturbation 
analysis. These solutions show that, contrary to linear experience, the average object tem- 
perature over an oscillatory cycle exceeds the mean a t  the wall. 

The complete solution for the frequency response can be divided into three regimes. In 
the first, a t  low frequencies, all response is  truly linear. In the second, higher harmonics 
become important, but the response remains that of a lumped parameter system. In the third, 
response changes with distance from the object surface and the response a t  the surface domi- 
nates. Nonlinearities are important in the second and third regimes. The solution has several 
applications. 

In many processes thermal radiation forms a significant 
part of the total energy transfer. Yet the response of 
thermal radiation to temperature changes is not well 
understood because the equations describing radiant heat 
transfer are fundamentally nonlinear. This paper analyzes 
the nonlinear response of radiant heat transfer to tem- 
perature oscillations, and describes the response in detail. 
Some unusual and unexpected results are obtained. 

Radiant heat transfer is particularly important in fur- 
naces, high-temperature processes, and in evacuated or 
low-pressure systems such as outer space. In general, 
wherever the temperature is high so that the radiant 
heat flux is substantial, or the pressure is low so that con- 
vection is negligible, radiant heat transfer will be signifi- 
cant. Anywhere radiant heat transfer is important and the 
temperature changes, the dynamic response will be of 
interest. 

A consequence of quantum statistics is that the heat 
flux in radiant transfer varies as the fourth power of the 
absolute temperature (1 1 ) . Thus in systems where radiant 
heat transfer is important, the differential equations de- 
scribing temperature changes are nonlinear. In general, 
because of the dominant fourth-power nonlinearity, these 
differential equations cannot be solved in closed form. 

In radiant heat transfer systems where the effects of 
convection and conduction are both negligible, the dy- 
namic response is described by a first-order ordinary 
differential equation containing a nonlinear term. This 
equation can be solved exactly for a few simple cases, and 
numerical solutions can be obtained by conventional 
methods. 

When conduction as well as radiation becomes im- 
portant, however, the system is described by the heat 
conduction equation with a linear 0ux boundary con- 

dition on one surface and a nonlinear flux boundary con- 
dition on the other. No complete exact solutions are known 
for the heat conduction equation when one of its bound- 
ary conditions is nonlinear and time varying and numer- 
ical solutions are generally difFicult to obtain. Even when 
numerical solutions can be achieved, the information 
they contain is highly restricted. I t  is difficult to extrapolate 
the solutions with confidence to slightly different systems, 
and the physical insight one attains is usually minimal. 

A number of approximate solutions to problems in- 
volving both conduction and radiation have been obtained 
(1,3, 7,10).  These solutions are in general quite com- 
plex and restricted to particular problems. They thus do 
not afford the broad intuitive understanding of the inter- 
action of radiant and conductive heat transfer that is 
required for engineering analysis and design. 

Faced with a similar inadequacy of particular numerical 
solutions or complex approximations, one often character- 
izes a linear system by its steady state response to a 
forced sinusoidal input. The frequenci response, as this 
characterization is called, furnishes a fingerprint” of the 
system, and affords a basis from which the response to 
different inputs may be determined. Since radiant heat 
transfer is nonlinear, and the superposition principle 
does not hold, the frequency response is not so valuable 
quantitatively as it is for linear systems, Nevertheless, the 
frequency response of radiant heat transfer does yield con- 
siderable qualitative information and intuitive under- 
standing. 

PHYSICAL M O D E L  AND ASSUMPTIONS 

The physical model, as shown in Figure 1, consists of 
a homogeneous slab in an evacuated enclosure where the 
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